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Abstract-The Graetz problem for fully developed laminar flow in horizontal rectangular channels with 
uniform wall heat flux is extended by including buoyancy effects in the analysis for the case of large Prandtl 
number fluid. A general formulation valid for all Prandtl numbers is presented and the limiting case of 
large Prandtl number is approached by a numerical method. The typical developments of temperature 
profile, wall temperature and secondary flow in the thermal entrance region are presented for the case of 
square channel :’ = 1. Local Nusseh number variations are presented for the aspect ratios 1’ = 0.2, 0.5, I, 
2 and 5 with Rayteigh number as parameter. Due to entry and secondary flow effects, a minimum Nusseh 
number occurs at some distance from the entrance, depending on the magnitude of Rayfeigh number. This 
behavior is similar to that observed in the therm& entrance region where the transition from laminar to 
turbulent flow occurs. The effect of Rayieigh number is seen to decrease the thermal entrance length, and the 
Graetz solution, neglecting buoyancy effects, is found to be applicable only when Rayleigh number is less 
than about 10”. A study of the practical implications of large Prandtl number on heat transfer results for 
hydrodynamically and thermally fully developed cast reveals tbat the present heat transfer results are valid 

for Prandtl number ranging from order 10 to infinity 

cross-sectional area of a channel; 
width and height of a rectangular 
channel, respectively ; 
a constant ~~~/~~~~~ aP,,@Z; 
equivalent hydraulic diameter, 4d/S; 
Crashof number g&I D3/v2. 
gravitational a~~~~er~ti~n ; 

v 

average heat transfer coefficient; 
thermal conductivity; 
number of divisions in X and Y 
directions, respectively; 
local Nusselt number, liD,/k; 

% outward normal direction to the wall; 

p, p,, pressure deviation and pressure for 
fully developed laminar flow before 
thermal entrance, respectively; 

I.4 Pf, dimensionless quantities for P and PI, 
respectively; 

rt” 
%r: 

uniform heat flux at wall; 
Prandtl number. I$.; 

Ra, Rayleigh number, Pr Cr; 

Re, Reynolds number, w, DJ’P; 

S, circumference of cross-section: 
T, temperature; 
T uniform fluid temperature at entrance: 
C:,“;; W, velocity components in X, Y, 2 

directions due to buoyancy effect ; 
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fully developed axial velocity before 

thermal entrance: 
dimensionless quantity for W,. ; 

rectangular coordinates: 
dimensionless rectangular coordin- 

ates. 

Greek letters 

P. coefficient of thermal expansion : 

I’> aspect ratio of a rectangular channel, 
Ll/h; 

6 a prescribed error defined by equation 

(18): 

0, dimensionless temperature difference, 

( T - To)lQ,: 
0 0 characteristic temperature, q,,.D,/k; 

‘1 , thermal diffIl<ivit\,. 

6 viscosity; 

1’3 kinematic viscosity; 

(3 vorticity, V’$; 
density: 
dimensionless stream function. 

Subscripts 

b, bulk temperature; 

c, characteristic quantity; 

f 3 fully developed quantity before 

thermal entrance: 

i,.i, space subscripts of grid point in X 

and Y directions; 

17, an integer defined by equation (19); 

M’, value at wall: 

0, value for pure forced convection. 

Superscripts 

n, nth iteration or an integer identifying 
the axial location; - 
average value. 

1. INTRODUCTION 

SINCE the publication of Graetz’s classical work 
[l] on thermal entrance region heat transfer for 
fully developed laminar flows in tubes with 

uniform wall temperature, the Graetz problem 
has been extended in many ways, particularly in 
recent years. The common assumption of 
constant physical properties for Graetz problem 
leads to pure forced convection problem and an 
analytical solution [L!] is available for the 

generalized Graetz problem considering the 

axial conduction effect and employing the 
rigorous thermal boundary condition of uniform 
fluid temperature at Z = -x rather than at 
entrance Z = 0 where a step change in wall heat 

flux is imposed. The importance of free convec- 
tion effect in laminar forced convection has led 
to many theoretical investigations on fully 
developed combined free and forced convection 
in vertical or horizontal tubes. However, the 
assumption of fully established profiles can be 

fulfilled only if the channel is very long. In 
practice, the thermal entrance region heat 

transfer is of importance, and many experimental 
investigations have been reported in the litera- 

ture in recent years. In spite of its practical 
importance, heretofore, no theoretical solution 
is available, for example, for Graetz problem 
with significant buoyancy effects in horizontal 
tubes or channels because of its mathematical 
difficulty. The experimental correlation for 
combined free and forced laminar convection 
heat transfer in thermal entrance region is 

further complicated by the temperature-depen- 
dent viscosity effect and the most recent correla- 
tion [3] based on available experimental data 
for horizontal isothermal tubes using various 

fluids still remains to be improved further. 
Recent theoretical studies [4, 51 on fully 

developed combined free and forced laminar 
convection in uniformly heated horizontal tubes 
clearly indicate that the inertia terms in both 
the momentum equation for secondary flow and 
the axial momentum equation can be neglected 
for large Prandtl number fluids. With this 
formulation, the Graetz problem with significant 
buoyancy effects can now be approached at 
least by finite-difference technique. 

The purpose of this investigation is to study 
the effect of buoyancy on Graetz problem in 
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horizontal rectangular channels having aspect 
ratios 02,05, 1,2 and 5 with uniform wall heat 
flux for large Prandtl number fluids. The 
assumption of hydrodynamically fully developed 
laminar flow in the channel for the Graetz 
problem is not considered to be very restrictive 
since for high Prandtl number fluids the 
velocity profiles develop more rapidly than the 
temperature profiles. A study of the practical 
implication of large Prandti number based on 
the heat transfer results [4-61 for the case with 
fully developed thermal and velocity fields 
suggests that the present formulation based on 
the asymptotic case of Pr -+ c*) is practically 
valid when the Prandtl number is greater than 
say order 10. 

When the gravitational effect is signi~cant in 
forced convection, the tube inclination angle or 
gravitational force orientation effect also arises. 
It is noted that combined free and forced con- 
vection studies are so far limited only to either 
vertical or horizontal configurations. However, 
the present formulation and its numerical 
solution can be extended to the inclined tube 
case with various thermal boundary conditions. 

2. THEORETlCAL ANALYSIS 

Consideration is given to a steady hydro- 
dynamically fully developed but thermally de- 
veloping laminar flow of viscous fIuid in a hori- 
zontal rectangular channel where a step change 
in uniform wall heat flux is imposed starting at 
the entrance 2 = 0 (see Fig. 1). The problem is 
to determine the temperature development and 
the variation in heat transfer coefficient along 
the axial direction using the Boussinesq approxi- 
mation. The analysis will start with the derivation 
of the governing equations valid for any Prandtl 
number. Referring to the coordinate system 
shown in Fig. I, the continuity and the complete 
Navier-Stokes equations become 
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FIG. 1. Coordinate system and numerical grid for horizontal 
rectangular channel. 
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where the subscriptfindicates the fully developed 
flow quantity before entering the heated section, 
W and P the axial velocity and pressure devia- 
tions, respectively, in the thermal entrance region, 
To the reference temperature representing the 
uniform temperature of the fluid at the entrance 
Z = 0, vi, y, z = #/ax2 + ?/8Y2 + (32/az2, 
and Vi, r = a2/8X2 + 8’/r?Y2. For fully de- 
veloped flow, one has 8 W,/c?Z = 0, i?P,/i?X = 0, 
and aP,/aY = 0. The buoyant force term which 
results from temperature differences measured 
from the reference temperature T, is added in the 
momentum equation in the direction of the 
gravity vector. It should be pointed out that for 
the classical Graetz problem the buoyancy 
effect is neglected completely, and only the axial 
momentum equation (5) remains with equations 
(iH4) vanishing identically. 

Assuming that viscous dissipation is negligible, 
the energy equation for steady laminar flow can 
be written as 

After carrying out the order of magnitude 
analysis and introducing the following dimen- 
sionless variables and parameters, 

X = [DJx, Y = [D,]y, Z = [D,PrRe]z, 

u = [!\./D,]U, I/= [II/D&, WJ = [iqwp 

W = [wf]w P, = [PJP,, P = [PJP? 

T - To = [6’,]0, Gr = (gfi0,D~/v2), 

Pr = (V/K), Ru = PrGr, Re = (VJD,/v), 

where De = (4-4/S) and tIC = (q,D,/k), the follow- 
ing normalized governing equations result: 

_+a”+“,() au 
ax ay aZ 

a% a% ap i au au 
g+p=(!X+g uz+“$j 

[ 

(7) 

+ (WI + w)E 
1 

(8) 

+ (w,( + w); 
I 
-t RaH (9) 

azw azw I a 
z2+(7c’z=pr u&(W’+w)+v~ [ ay 

x (WY + w) + (WJ + w) as I (10) 

a2w/ ii2ws _ 03 1 c?P 
.r = c, --__ 

=+ayZ-- w+ az 

C = constant (11) 

8% a28 
Q f s = ug + vg + (M’J + Kg;;. (12) 

‘_ ‘_ 

In the above formulation, the terms c?~u/~z~, 
a2i$?z2, a2wfaz2, and ap/az drop out because of 
large Peclet number assumption. It is known that 
the effect of axial conduction term in the energy 
equation can be neglected practically when the 
value of Peclet number exceeds about 100. The 
above set of equations represents a formal 
mathematical formulation of the classical Graetz 
problem taking the free convection effect into 
consideration. The boundary conditions are : 

u = v = w = IV, = 0 and S/an = 1 at wall 

8=0 at entrance z = 0. (13) 

The solution of the above set of equations 
(7t(12) subjected to the boundary conditions 
given by equation (13) cannot be approached 
readily even by numerical method. However, as 
Prandtl number approaches infinity, consider- 
able simplification of the governing equations 
results. When Prandtl number is large, all the 
terms involving Prandtl number vanish com- 
pletely. In other words, the inertia force terms in 
the momentum equations disappear. In particu- 
lar, equation (10) vanishes identically, implying 
that M’ = 0 and the axial velocity in the thermal 
entrance region remains to be given by equation 
(11) for fully developed flow. With w = 0, it is 
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now possible to introduce a stream function 1(1 dary vorticity associated with the vorticity 
and vorticity < as equation (15) is well discussed elsewhere [5, 61. 

a+ 
Id=---, ay 

v = - g, v=* = 5. 

Furthermore, the pressure terms in equations 
(8) and (9) can be eliminated by carrying out 
cross-differentiation and then reducing them to a 
single equation. The resulting simplified govern- 
ing equations for large Prandtl number case 
become 

VWJ = c (14) 

v’+Rug (15) 

V’$ = 5 (16) 

v2/3=u?+v!!+w ae 
ax ay f aZ 

(17) 

where v2 = a2/ax2 + a2/ay2. 
The above formulation for large Prandtl 

number case is based on the study [4, 51 of 
Prandtl number effect on fully developed laminar 
forced convection heat transfer with secondary 
flow for uniformly heated horizontal tubes [6] 
and curved rectangular channels [7]. In particu- 
lar, a study of the numerical results reveals that 
when Pr >, 10, the value for mean axial velocity 
remains practically unchanged from that of the 
pure forced convection even with the increase 
of the characteristic parameter such as RPRU [6]. 
This means that for large Prandtl number case 
the secondary flow is rather weak but it plays an 
important role through the convective terms in 
the energy equation. This is in contrast to the 
classical Graetz problem where u = u = 0 and 
the convective terms (u se/ax + v adlay) in 
energy equation (17) are neglected. In view of the 
difficulty with the analytical solution for the 
set of equations (14)--( 17) satisfying the boundary 
conditions given by equation (13), a numerical 
solution is believed to be the only practical 
approach for the present problem. It is noted 
that the determination of the unknown boun- 

3. FINITE-DIFFERENCE SOLUTION 

Equations (14H16) are second-order partial 
differential equations of elliptic type. The exact 
analytical solution to the Poisson’s equation 
(14) satisfying the boundary condition wJ = 0 
at wall is available for the rectangular channel. 
However, for convenience the implicit alternat- 
ing-direction method is used for the numerical 
solution of equation (14). Equations (15) and (16) 
can be combined into a single vorticity transport 
equation involving a biharmonic operator by 
eliminating vorticity 5. Although an alternating 
direction method for solving the biharmonic 
equation is available [8], a computationally 
stable and simple approach using a combination 
of boundary vorticity method [5, 63 and line 
iterative technique is employed in solving two 
coupled second-order elliptic equations (15) and 
(16). Without the axial conduction term, the 
energy equation (17) is of parabolic type and the 
implicit alternating-direction method [9] is used. 

Because of symmetry, it suffices to solve the 
problem in one-half of the rectangular region 
such as that shown in Fig. 1. Briefly, the simul- 
taneous solution of the set of equations (14H 17) 
consists of the following main steps: 
(1) The Poisson’s equation (14) for fully developed 
velocity wJ is solved independently using ADI 
method [9] by introducing the unsteady term 
aw,jat. 
(2) The initial values for secondary velocity 
components ui, j, ui, j and temperature difference 
Bi, j are taken to be zero for the terms on the 
right-hand side of equation (17) and the equation 
is solved using AD1 method. 
(3) The value for Rayleigh number is assigned. 
With Ra aO/ax known, equations (15) and (16) 
are solved using a combination of boundary 
vorticity method and line iterative technique. 
The second velocity components ui, j, vi, j are 
then computed from the stream function. 
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(4) Equation (17) is solved again using ADI 
method. 
(5) The steps (3) and (4) are repeated until the 
following convergence criterion is satisfied: 

E = ~lt?~j”” - 0;;{[/~(0~l’;“I < IO-‘. (18) 
i. j i. .i 

(6) The axial step size AZ is advanced by the 
following equation which yields a finer step 
size near the entrance where the axial tempera- 
ture gradient is expected to be large. 

(AZ), = e-‘+’ I”, n = 1,2,. . ,49 

(z), = 2 (A=),,. 
(19) 

n=l 

Since the step size is not uniform for each step, 
the axial gradient (&I/&)(“) is evaluated using 
the following equation obtained by applying 
the Taylor series expansion. 

= {(Az),2,(“+‘) _ (AZ),Z+l@-l) 

- [(A4,2 - (AZ);+ ,I @“llWn + , 
x (AZ), [(A,),. 1 + (Az),l. (20) 

It should be pointed out that the application 
of the uniform wall heat flux boundary condition 
(ad/&t = 1 at wall) to the finite-difference 
equations leads to a system of equations with 
a singular tridiagonal coefficient matrix for 
equation (17). This difficulty can be overcome, 
for example, by modifying the finite-difference 
equation at the wall or by shifting grid points 
one-half an increment from the boundaries. 
By noting that u = ~1 = W, = 0 at wall, equation 
(17) becomes V28 = 0 giving the following 
finite-difference equation. 

@“’ 1 j + H!“’ 

I , 
,+*,j + ells_, + el”l+, 

- 40’.“? = 0. 1. I (21) 

By applying the boundary condition atI/an = 1 
at wall, the wall temperature can be computed 
after the temperatures in the interior region are 
found. The accuracy of the numerical solution 
and computing time depend on the mesh size 

and the axial step size. The relaxation parameter 
used for equations (15) and (16) ranges from 10 
to 1.5 depending on the value of Rayleigh number. 
A relaxation factor of 1.0 is used for higher 
Rayleigh number. The mesh size is established by 
convergence study. The mesh sizes used in the 
final computation and the typical computing 
times required on IBM360/67 in obtaining a 
complete result for the axial distance 2 ranging 
from OtIOl to 1.0 with a given value of Rayleigh 
number are given below: 

- 

Y 
~_.___ 

0.2 

0.5 
I 
2 

5 

M N Time (min) 

8 80 6 

10 40 6 

16 32 IO 

20 20 5 
30 12 5 

4. HEAT TRANSFER RESULTS 

4.1 Fir/d characteristics 

Although presentation of local Nusselt 
numbers in the thermal entrance region is the 
major goal here, temperature distribution, axial 
temperature development and development of 
secondary flow pattern are of engineering interest, 
and useful in clarifying the heat transfer mecha- 
nism. The temperature profiles along the vertical 
and horizontal center lines at various axial 
positions are shown in Fig. 2 for the case of y = 1 
and Ra = 3 x 104. The gradual development 
of the temperature profile is clearly seen and the 
temperature gradient normal to the wall is 
seen to be constant. For the uniform wall heat 
flux boundary condition under consideration, 
the wall temperature distribution is of practical 
interest in design. Figure 3 shows the wall 
temperature distributions at various axial posi- 
tions for the case of y = 1 and Ra = 3 x 104. 
For the rectangular channel, hot spots appear at 
the corners and the wall temperature is seen to be 
highest at the upper corner. The secondary flow 
plays an important role in the thermal entrance 
region heat transfer and the secondary flow 
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Ro = 3x IO4 
y=I 

i 

\ Fully developed 

temperuture profile 

FIG. 2. Temperature distributions at X = 0 and Y = b/2 in the 
thermal entrance region of square channel with Ra = 3 x 104. 

patterns at six axial positions are shown in Fig. 
4(a) and (b) for the case of y = 1 and Ra = 3 x 
104. The maximum value of the stream function 
represents the intensity of the secondary flow 
and the movement of the location of the maximum 
stream function along the axial direction is also 
of interest. Figure 4 shows that the value of the 
maximum stream function at any given cross- 
section increases gradually from the value zero 
at the entrance z = 0 to a maximum value at 
some distance from the entrance and then de- 
creases further along the axial direction until 
the fully developed temperature profile is reached. 
Noting that the secondary flow is caused by 

temperature gradient &&G?x normal to the vertical 
wall as indicated in equation (15), the above 
phenomenon can be explained, for example, 
from the temperature distributions along the 
horizontal. central line shown in Fig. 2. In Fig. 2, 
the temperature difference between the mid- 
point of side wall and the centre of the channel is 
seen to be greater at z = O-0302 than those at 
z = 0.0149 and 0.0554. This observation can be 
contrasted to the secondary flow patterns for 
z = O-0149, 0.0302 and O-0554 shown in Fig. 4. 
The centres of the secondary flow are seen to 
move toward the bottom and side walls along 
the axial direction. 

D 
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c f x= 

FIG. 3. Wall temperature distributions in the thermal entrance region of square 
channel with Rn = 3 x IO“. 

A series of patterns for isothermals from z = shown for reference. Near the entrance z = 
040562 to z = O-165 is shown in Fig. 5(a) and (b) 000562, the secondary flow is still weak and the 
to illustrate the entrance effect on isothermals. isothermals are seen to be nearly symmetric 
The locations of the eyes of the vortices and the with respect to both the horizontal and vertical 
values for maximum stream functions are also center lines. The increasing distortion of the 

.? = 0~00562 

1 I 

Z’O.0302 

I I 1 

1 I J 
j0 x = x/o 05 

FIG. 4(a). Streamlines for secondary flow at z = 0.00562, 0.0149 and CO302 for square 
channel with Ra = 3 x 104. 
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.?=o-0970 
I I 

2=0,165 
I 1 

FIG. 4(b). Streamlines for secondary flow at z = 0~0554,OW70 and 0.165 for square channel 
with Ra = 3 x 104. 

pattern for isothermals along the axial distance quent decrease after reaching a maximum can 
can also be seen from the movement of the loca- also be explained from a series of patterns shown 
tion of minimum temperature toward the lower in Fig. 5. The temperature distributions across 
wall. The increase of the secondary flow intensity the cross-section shown in Fig. 2 can be contras- 
with the distance from the entrance and subse- ted to a series of patterns for isothermals shown 

z-O.00562 0 

0 
2 0.5 - 

4 $t- 1.387~ 

z*0~0149 0 ‘9 2 -0.0302 0, i98 .L 
.a 

t 

/ 

I 

o-5 

FIG. 5(a). Isothermals at z = OW562,0~0149 and 0.0302 for square channel with Rn = 3 x 104. 
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FIG. S(b).Isothermalsatz = 0.0554,0.0970andO.l65for squarechannel withRu = 3 x lo! 

M 

IO 
Y- b/2 

0 

b 

L I! 

15 

IO 

x=-o/4 

5 

3 

0 

-5 

-10 
I- - 

c,,,,_I I-O 
Y” Y/o 

FIG. 6. Secondary flow velocity distributions at Y = b/2 and X = -a/4 for square channel with 
Ra = 3 x 104. 
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o-2 03 0.4 0.5 Lx 

e 

FIG. 7. Temperature distributions at X =-- 0 and Y = b/2 in the thermal entrance region of square channel 
with Ra = 10’. 

in Fig. 5. In Fig. 5, the isothermais for smaller 
values of B in the central core are not shown since 
the temperatures are fairly uniform there. 

The distributions of secondary velocity com- 
ponents, v along Y = b/2 and u along X = 
-a/2, are shown in Fig. 6 for the case y = 1 and 
Ra = 3 x 104. The increase and subsequent 
decrease of the secondary flow intensity along 
the axial direction can be seen clearly. The distri- 
bution for u is nearly symmetric about the hori- 
zontal central axis Y = b/2 at z = 0;00192 but 
symmetry is gradually destroyed as the distance 
from the entrance increases further. 

The effect of Rayleigh number on axial tem- 
perature profile development is of considerable 
interest. The temperature profiles corresponding 
to those shown in Fig. 2 are illustrated in Fig. 7 
for the case of y = 1 and Ro = lo5 for compari- 
son. It is seen that as Rayleigh number increases 
the temperature difference between the top and 
bottom plates increases. This situation implies 
that thermal instability problem [lo, ll] may 
arise for a horizontal rectangular channel with 
large aspect ratio. Furthermore, the temperature 
distribution along the horizontal central axis 

exhibits negative temperature gradient t%?/x in 
the central region after reaching z z O-0231. 
This phenomenon also contributes to the de- 
crease of the intensity for secondary flow. Al- 
though not presented here, the intensity of the 
secondary flow indeed decreases after reaching 
z = 0.0149 for the case y = 1 and Ra = 10’. 
With the presentation of the pertinent field 
characteristics completed, the variation of the 
Nusselt number in the thermal entrance region 
will be considered next. 

4.2 Russell number 

The Nusselt number may be determine from 
the de~nition based on the temperature gradient 
at the wall or using the overall energy balance 
for the axial length d2. The results are: 

Nu = iiD,.k 

VW, = l/[w(&v - @I with 5 = 1 (22) 

(NL& = M’(M/(?Z)/4[M’(B, - 0)]. (23) 

Simpson’s rule is used in computing the average 
quantities indicated above. The above two 
alternative expressions for the local Nusselt 
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Shannon and Depew [I91 maximum Raylelgh number 

l 3x105 

. 2x105 

1 0.5x105 

y-1 
bvu); 3.091 

. 

. 
. 

. 

FIG. 8. Local Nusselt number variation for square channel with Ra as parameter and com- 
parison with experimental data from Shannon and Depew [19] for circular tube. 

number afford checking the convergence of the 
heat transfer results. Usually the first three figures 
check and the average of (Nu), and (Nu), is 
taken as the value for the Nusselt number. 

4.3 Nusselt number result 

Figure 8 presents the local Nusselt number 
variation in the form of Nu/(Nu), versus dimen- 
sionless axial distance z for a horizontal square 
channel (v = 1) with Rayleigh number as para- 
meter. It is seen that the buoyancy effect is 
practically negligible when Ra < 103. The present 
problem without buoyancy effect for a square 
channel has been solved by Sparrow and Siegel 
[12] and Hicken [13] using a variational method. 
However, the Nusselt number result in the ther- 
mal entrance region is not available for direct 
comparison with the present numerical result. 
The present numerical result checks exactly 
with the known limiting Nusselt number (Nu), 
= 3.091 [14, 151 for the fully developed case 
confirming the accuracy and convergence of the 
present numerical solution. For a given Rayleigh 
number greater than say 103, the secondary flow 

effect appears at a certain distance z from the 
entrancedepending on themagnitude of Rayleigh 
number. For each curve shown in Fig. 8, a 
minimum local Nusselt number exists. The 
location of the minimum Nusselt number is 
closely related to the appearance of the maximum 
secondary flow intensity which can be checked 
by examining Figs. 4 or 5. The occurrence of 
minimum Nusselt number is a result of com- 
bined entrance and secondary flow effects and 
the phenomenon is analogous to the entrance 
region Nusselt number variations presented by 
Linke and Kunze [16] and Mills [17] for the 
developing turbulent flow in a uniformly heated 
tube. It is noted that the dip in the curves for 
local Nusselt numbers near the entrance with 
simultaneous development of turbulent flow 
and temperature field can be explained by the 
fact that the boundary layers along the tube 
walls are at first laminar and subsequently 
change to turbulent flow through a transition 
region. A similar dip in the curve which coincides 
with the occurrence of a transition from laminar 
to turbulent flow appears also in the experimental 
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FIG. 9. Axial distributions for average wall temperature, bulk temperature and mixed mean 
temperature difference for square channel with Ra = 3 x 104. 
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results for the case of horizontal isothermal tube 
presented by Jackson, Purdy and Oliver [18]. 

The question arises as to why the local Nusselt 
number increases after reaching a minimum 
value and subsequently approaches an asymp- 
totic limiting value when the temperature profile 
becomes fully developed. This question can be 
answered by examining the definition of the 
Nusselt number and the variation of mixed 
mean temperature difference 8’ = sSAw(B,,, -0) 
dxdy/JI,w dxdy along the axial distance as 
show in Fig. 9. The variations of the average 
wall temperature 0, and the bulk temperature 
8, = ljAwO dxdy/lj,w dxdyaloflg the axial dis- 
tance are also shown in Fig. 9 for reference. 

The experimental data are apparently not 
available for comparison with the numerical 
results presented in Fig. 8. However, it is instruc- 
tive to compare the present numerical results for 
square channel with the experimental data 
obtained by Shannon and Depew [19] using 
water for combined free and forced laminar. 
convection in a horizontal tube with uniform 
wall heat flux. In making the comparison between 

the numerical and experimental results shown in 
Fig. 8, it should be pointed out that Shannon 
and Depew [19] used the maximum Rayleigh 
number based on the temperature difference 
(7;, - 7”) [19] as a parameter whereas the 
Rayleigh number in this work is based on the 
characteristic temperature 8, = q,D,/k. Conse- 
quently, the direct comparison is not possible. 
Although the present theory is based on large 
Prandtl number assumption, a study of the 
implication of the large Prandtl number [4] 
leads one to believe that the present numerical 
results are valid also for water. In spite of the 
difference in geometrical shape between square 
channel and circular tube, the local Nusselt 
number results shown in Fig. 8 are seen to be 
qualitatively similar. The curve for pure forced 
convection is seen to check well with the experi- 
mental data from circular tube. 

Recently, Muntjewerf, Leniger and Beek [20] 
presented the experimental results for local 
Nusselt number variation in the thermal entrance 
region of the uniformly heated vertical flat 
rectangular ducts and the variations in the local 
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FIG. 10. Average Nusselt numbers vs. z for square channel with Rayleigh number as parameter. 

Nusselt number are again seen to be similar to 
the numerical results shown in Fig. 8. 

The average Nusselt number (overall value to 
an axial position z) variations along the entrance 
distance z corresponding to the Rayleigh num- 
bers shown in Fig. 8 are plotted in Fig. 10. With 
the average Nusselt number, the dip in the curve 
for the local Nusselt number is smoothed out. 

The effect of the aspect ratio of a rectangular 
channel on heat transfer result is of practical 
interest. The local Nusselt number variations in 
the thermal entry region for the aspect ratios 
y = 2, 5, 0.5 and @2 are shown in Figs 1 l-14, 
respectively, with Rayleigh number as parameter. 
In each of these figures, the lowest curve can be 
regarded as a limiting case for pure forced 

I I 1111111 I I I I11111 I I I llllr 
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FIG. 11. Local Nusselt numbers vs. z for rectangular channel with aspect ratio y = 2 for various 
Rayleigh numbers. 
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FIG. 12. Local Nusselt numbers vs. z for rectangular channel with aspect ratio y = 5 for 
various Rayleigh numbers. 

convection (Graetz problem). Within the range each figure. The exact values for the limiting 
of Rayleigh numbers under investigation, the Nusselt number (Ntt), for the fully developed 
dip in the curves due to secondary flow becomes case are not known for the aspect ratios other 
less obvious for the aspect ratios y = $05 and than one. The lowest curves shown in Figs. 10 
0.2. It is noted that for the curves Ra = 3 x 10’ and 12 are seen to approach the same limiting 
shown in Figs. 8-13, the numerical solution value of 3.0 at z = @306. 
diverges beyond the axial distance shown in The heat transfer results presented in Figs. 

12 
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FIG. 13. Local Nusselt numbers vs. z for rectangular channel with aspect ratio y = 05 for 
various Rayleigh numbers. 
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FIG. 14. Local Nusselt numbers vs. z for rectangular channel with aspect ratio y = 0.2 for 
various Rayleigh numbers. 

8-14 show clearly that the effect of secondary 
flow represented by Rayleigh number is to 
decrease the thermal entrance length and increase 
the average heat transfer coefficient. The classical 
Graetz problem is clearly a limiting case, and is 
valid only when Rayleigh number is less than 
say lo3 for the present problem. 

5. CONCLUDING REMARKS 

The classical Graetz problem for laminar 
forced convection in horizontal rectangular 
channels with uniform wall heat flux is extended 
by taking buoyancy effects into consideration. 
The Graetz problem with buoyancy effects valid 
for all Prandtl numbers is formulated, and the 
limiting case of large Prandtl is solved numeri- 
cally. 

The heat transfer results presented are believed 
to be valid for Prandtl number ranging from 
order 10 to infinity. it is pointed out that the 
classical Graetz problem is a limiting case, and is 
valid only when Rayleigh number is less than 
say 103. This remark is considered to be valid 

also for other various noncircular channels or 
circular ducts. Although this investigation is 
concerned with the uniform wail heat flux case, 
solutions for uniform wall temperature can be 
obtained by the same method. Furthermore, 
solutions for inclined channel case can also be 
approached by a numerical method. 

The variation of local Nusselt number along 
the channel for uniform wall heat flux shows that 
buoyancy effect is negligible up to a certain 
entry length 2 depending on the magnitude of the 
Rayleigh number. The curve for Nusselt number 
for each Rayleigh number then branches out 
from the curve for pure forced convection and 
after reaching a minimum value approaches a 
limiting value when the tem~rature profile 
becomes fully developed. The dip in the curves 
for local Nusselt number is similar to that 
reported in the literature for the case of develop- 
ing turbulent heat transfer in the thermal entrance 
region of a pipe with uniform wall heat flux. 
The effect of buoyancy forces is to decrease the 
thermal entrance Iength and increase the average 
heat transfer coefficient. At higher Rayleigh 
number, the temperature profile develops rapidly. 
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The de~nition of Raykigh number based on 
(T, - Tb) is variable in the thermal entrance 
region. In contrast, the present de~nition based 
on characteristic temperature 0, = q~~~~/k is a 
constant, and convenient for design. Finally, 
one additional reference [21] that is pertinent 
to the present problem is included here for 
completeness, 
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INFLUENCE DES FORCES D’ARCHIMEDE SUR LE TRANSFERT THERMIQWE LAMINAIRE 
DANS LA REGION D’ENTREE DE CANAUX RECTANGULAIRES HORIZONTAUX AVEC UN 
FLUX THERMIQUE PARIETAL UNIFORME ET POUR UN FLUIDE A GRAND NOMBRE DE 

PRANDTL 

R&m&-Le probt&ne de Graetz pour un &coufement iaminab-e enti&emeut d&&& dans des canaux 
rectangulaires barizontaux awe flux thermique uniforme ;i la par& est 3argi en in&ant I’effet des forces 
d’Archin&ie dans I’anafyse pour un &dde & pand nombre de Prandtt. On pr&znte une fo~u~ati~ g\fn&ak 
vaiabie pour tous tes nombres de Prandti et on aborde ie cas iimite des grands nombres de Prandtl par une 
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mCthode num8rique. Les dtvcloppements typiques du profil de tempkrature, de la tempkrature pariktale 
et de I’icoulement secondaire dans la rtgion d’entr&e thermique sent p&e&es dans le cas d’un canal 
carrk 1’ = 1. Les variations du nombre de Nusselt local sont present&es pour les rapports de forme )’ = 0.2 : 
0.5: 1 ; 2: 5 et avec le nombre de Rayleigh pris comme paramktre. A cause de I’effet d’entrte et de I’t?coule- 
ment secondaire, un nombre de N usselt minimal apparait ?+ quelque distance de I’entrke, dependant de la 
valeur du nombre de Rayleigh. Ce comportement est semblable B celui observe dans la rtgion d’entrte 
thermique lorsqu’apparait la transition laminaire-turbulent de 1’8coulement. On voit que I’influence du 
nombre de Rayleigh diminue la longueur d’entr&e thermique et que la solution de Graetz. laquelle nCglige 
les forces d’Archimtde. n’est applicable que lorsque le nombre de Rayleigh est inftrieur a 103. Une ttude 
de I’effet pratique du grand nombre de Prandtl sur les r&sultats de transfert thermique dans le dkveloppe- 
ment hydrodynamique et thermique complet. rev&e que les rtsultats presents de transfert thermique sont 

valables pour un nombre de Prandtl variant depuis 10 jusqu’g I’infini. 

AUFTRIEBSElNFLfjSSE AUF DEN LAMINAREN W;IRMEtiBERGANG IM THERMISCHEN 
EINLAUFBEREICH EINES WAAGERECHTEN RECHTECKKANALS MIT EINHEITLICHEM 

W;iRMESTROM AN DER WAND FUR FLtiSSIGKEITEN GROSSER PRANDTL-ZAHL 

Zusammenfassung-Das Graetz-Problem fiir einaelaufene laminare Stramunp. in horizontalen rechtecki- 
gen Kanalen mit gleichm&siger Wlrmestromdi:hte an der Wand wird erweitert im Hinblick auf den 
Einfluss der Auftriebskrlfte bei Fluiden mit grosser Prandtl-Zahl. Eine alleemeine Formulierung wirci 
vorgestellt die fiir alle Prandtl-Zahlen giiltig ist. Der Grenzfall grosser Prandtl-Zahlen wird durch eine 
numerische Methode angenghert. Es werden die typischen Entwicklungen der Temperaturprofile, der 
Wandtemperatur. und der Sekundarstriimung in der thermischen Einlaufstrecke dargestellt fiir den Fall 
des quadratischen Kanals y = I. Fiir die SeitenverhLltnisse y = 0.2; 0.5 ; 1 : 2: und 5 werden (irtliche 
Nusseltzahlen angegeben mit der Rayleigh-Zahl als Parameter. Die Einfliisse am Einlauf und die der 
Sekundlrstrijmung bewirken ein Minimum der Nusselt-Zahl stromabwgrts vom Eintritt abhLngig von 
der Grijsse der Rayleigh-Zahl. Dieses Verhalten ist Hhnlich dem im thermischen Einlaufgebiet beim 
Umschlag van laminarer in turbulente Str6mung. Der Einfluss der Rayleigh-Zahl liegt in Richtung 
einer Verkiirzung der thermischen EinlauflLnge. Die Graetz-Lasung, bei Vernachltissigung der Auf- 
triebskrgfte, ist nur anwendbar, wenn die Rayleigh-Zahl kleiner als etwa lo3 ist. Untersucht man die 
praktischen Folgen grosser Prandtl-Zahlen auf den WIrmeIibergang bei hydrodynamisch und thermisch 
voll ausgebildeter Striimung, so erkennt man, dass die vorliegenden Wlrmeiibergangsergebnisse giiltig 

sind fiir Prandtl-Zahlen von 10 bis unendlich. 

BJIBHHkiE HOfi’bEMHO~ CI/IJIbI HA JIAMBHAPHbIn nEPEHOC TEHJIA 
HA TEnJIOBOM BXOAHOM Y’IACTICE I’OPkl30HTAJIbHbIX 

HPHMOYI’OJIbHbIX KAHAJIOB C OAHOPOAHbIM TEnJIOBbIM IIOTOKOM 
HA CTEHICE IIPI? BOJIbILILIX =IklCJIAX IIPAHATJIH 

AHHoTaqm-3aAa~a rpeTqaAJIJ% nOJIHOCTbH)pa3BIITOrOJIaMHHapHOrOTe~eHHRB rOpH30HTa- 

JIbHbIX npHMOyrOJIbHbIX KaHaJIaX C OAHOpOAHbIM TenJIOBbIM nOTOKOM Ha CTeHKe o606uaeTcR 
Ha CJIy=fai 6onbruHx gI4CeJI npaHATJIR C yqeTOM BJIARHMR nOA'beMHOti CI4JIbI. npMBOAIlTCR 

o6qaH @OpMyJIHpOBKa 3aAaYH AJIH npOH3BOjlbHbIX WlCeJl npaHATJIH. %ICJIeHHO pelUaeTCH 

npeAeJIbHbItl CJIy'Iai AJIR 6onbmoro YIlCJIa HpaHATJIH. npeACTaBJIeHbI TllnM'IHbIe npO@UIH 

TeMIIepaTypbI CTeHKEi II BTOpM'IHOrO TeqeHIlH Ha TeIIJIOBOM BXOAHOM .J'VaCTKe B HBaAPaTHOM 

KaHaJIe Cy = 1. npeACTaBneHb1 paCIIpeAeJIeHUU JIOKaJIbHbIX %lCen HjccenbTa AJIfIy = 0,2; 
0,5 ; 1; 2 M 5 c ZIIlCJIoM PeneR B KaqecTBe napaMeTpa. B cony B~HHHHR BTouiiqiioro TeqeHan 
MHHHMaJIbHOe WICJIO HyCCeJIbTa HMeeT M&TO ia HeKOTOpOM PaCCTOJiHElli OT BXOAa B 

3aBIICIIMOCTHOTBeJIIl~HHbI~llC~aPe~e~.~TaC~Tya~~~nOAO6HaTO~,HOTOpaRHa6JIH)AaeTC~ 

Ha TemoBor.4 Bx0AH0M ysacTKe, rAe ~~OHCX~AMT nepexoA naMHHapHor0 Te4eHm B Typ6yne- 

HTHOe. kmmine WiCJIa PeJIeR BbIpaFKaeTCfI B yMeHblUeHIlH AJIllHbI TenJIOBOrO Ha'JaJIbHOrO 

ysacTKa. HatiAeHO qT0 pemeaue rpeTqa, npeae6peramqee Bnmmehf noAseMHo# cmbI, 

rOAHTCR AJIFI YMCJIa PeJIefi MeHblIIe 10 3. AHam BJIHRHMR 6onbumx WCejI npaHATnR Ha 

TenJIOO6MeH AJIFI CJIy=laR rHApOAHHaMWieCKH II TepMWleCKM nOJIHOCTblO pa3BHTOrO TeqeHHfI 

nOKa3bIBaeT, YTO nOJlyVeHHbIe AaHHbIe n0 TenJIOO6MeHy lIpaKTWleCKH CnpaBeAJlRBbI AJIH 

AHanaaoHa wicen Penes OT 10 A0 6eCKOHeYHOCTH. 


